Abstract-In this paper, we propose a method for generating undulatory gaits for snake robots. Instead of starting from a pre-defined movement pattern such as a serpenoid curve, we use a Model Predictive Control (MPC) approach to automatically generate effective locomotion gaits via trajectory optimization. An important advantage of this approach is that the resulting gaits are automatically adapted to the environment that is being modeled as part of the snake dynamics. To illustrate this, we use a novel model for anisotropic dry friction, along with existing models for viscous friction and fluid dynamic effects such as drag and added mass. For each of these models, gaits generated without any change in the method or its parameters are as efficient as Pareto-optimal serpenoid gaits tuned individually for each environment. Furthermore, the proposed method can also produce more complex or irregular gaits, e.g. for obstacle avoidance or executing sharp turns.
I. INTRODUCTION
Snake robots have great potential in challenging environments due to their many degrees of freedom (DoF), providing them with the ability to adapt to cluttered and complex terrain [1] , [2] , [3] . However, the large number of DoF also makes generating efficient locomotion gaits a significant challenge. As a result, significant work has focused on snake robot gait synthesis, starting with the mathematical approximation of their biological counterparts.
The serpenoid curve [1] and the serpentine curve [4] approximate snake lateral undulation for locomotion over flat surfaces. More recently, central pattern generators inspired by neural activity have been used to produce rhythmic patterns as snake gaits [5] . Realization of these gaits on a robot mechanism is usually done through position control of the robot's joint angles [1] , [6] , [2] , [7] . Based on predefined gait patterns like the serpenoid curve, perception-driven obstacleaided snake robots are able to perform complex gaits against their terrain like a biological snakes [8] .
We characterize different environments by what we refer to as different reaction forces; these include dry friction (for land snakes), viscous friction (for undulatory movement in water at a regime with a low Reynolds number), and fluid dynamic effects like added mass (for movement in water at a regime with a high Reynolds number). Predefined movement patterns (such as a serpenoid curve) generally require hand-tuning in order to achieve efficient gaits in each of these environments [9] , [10] . Finding the serpenoid gait parameters that achieve a specific velocity, or that minimize power consumption for a given velocity, is a manual process. The resulting parameters rarely transfer well to different environmental conditions. Even compliant controllers that exhibit remarkable adaptability to obstacles [7] are still designed or hand-tuned specifically for an underlying model of surface friction. Synthesising efficient gaits across different environmental conditions, without changing the locomotion algorithm or its parameters, remains a challenging problem.
In this paper, we propose an optimal control approach to gait generation that does not start from a pre-defined movement pattern. Instead, based on a model of snake dynamics, the algorithm attempts to produce trajectories that minimize a given cost function. By choosing an appropriate cost function (e.g. distance to a goal), we show that this approach produces effective locomotion gaits. Importantly, this approach produces efficient gaits accross multiple different environments: as long as the appropriate environment reaction forces are modeled as part of the dynamics, the algorithm automatically produces an efficient gait adapted to the environment type. The resulting gaits are comparable to the baseline of the Pareto-optimal serpenoid gaits. Furthermore, our appoach readily transfers between different environments, with no tuning or change in parameters.
While matching the performance of a pre-defined serpenoid gait for straight-line locomotion, the optimal control approach can also synthesise more complex gaits: we show that this approach can generate gaits for passing through narrow tunnels, or for taking sharp turns. In each case, the only modification needed is in the cost function, which must reflect the requirements of each task, such as maintaining distance from the obstacles or reaching a desired point.
Overall, the main contributions of our paper include:
• We show that optimal control methods can generate effective undulatory gaits for snake robots without starting from a predefined movement pattern. When this approach is applied using different models for environment reaction forces, it produces different gaits, each suited to its environment, without any change of the algorithm or tuning of its parameters. These gaits show both locomotion and energy efficiency.
• We introduce a novel model of anisotropic Coulomb friction, and use it to model land snakes that exhibit side slip. Together with existing models for anisotropic viscous friction, drag force and added mass effects in fluids, we can model a wide range of environments for snake locomotion.
• We also show that snake gaits obtained via optimal control exhibit additional desirable properties, such as the ability to perform sharp turns, as well as pass through narrow obstacles without making contact.
II. RELATED WORK
Previous work on snake gait generation generally focuses on producing compliant motion across unstructured surface terrains or in fluids. To achieve such compliant motion, Rollinson et al. [11] used low level torque controllers. Whitman et al. [7] developed the shape-compliant control method that adapts snake gaits through an irregularly spaced peg array. Pettersen et al. [2] applied integral line-of-sight guidance control for underwater snake robots to adapt to ocean currents of unknown direction and magnitude. Other nonlinear algorithms like sliding mode control [12] and mixed integer programming [13] have also been investigated to produce gaits.
In adition to adapting to unstructured terrain, gaits must be efficient to be practical in real world applications. Gait efficiency has been improved by [14] , [15] , [16] . Recently, Sartoretti et al. [17] develped a decentralized control method that improved the locomotion efficiency of the compliant controller developed in [7] by 40%.
In this paper we use an optimal control method, i.e., MPC, to automatically generate effective gaits across multiple environments without retuning of parameters. The MPC algorithm we use is iterative linear-quadratic-regulator (iLQR): a very successful example of locally-optimal control for nonlinear dynamical systems that has been applied on legged robots [18] .
Existing work on modeling undulatory locomotion either assumes a sideslip constraint [19] , or anisotropic friction applied to the robot links [20] . In this paper we model the locomotion with the assumption of anisotropic friction. Using the maximum dissipation principle [21] , we have derived a more accurate anisotropic Coulomb friction model and apply this to simulate surface friction. For underwater robots, dynamics has been studied in the fluids of different Reynolds numbers [22] , [2] , [23] , [24] . At low Reynolds numbers, viscous friction is the dominant reaction force. At high Reynolds numbers, added mass and drag (fluid dynamics) dominate. We add these reaction forces to our dynamic models to simulate different environments.
A common method to evaluate gait efficiency is the Pareto curve which shows the trade-off between locomotion speed and energy consumption [20] , [15] , [16] . We use this method to create a baseline to evaluate our auto-generated gaits.
III. DYNAMIC MODEL
The dynamics of snake locomotion are well studied in the literature, as a dynamic model is often used to validate or tune a proposed gait. In our work, the dynamic model is also used to generate the trajectory, via optimization with respect to a given cost function. Before describing the gait synthesis method, we will thus describe the dynamic model we use, which follows a standard time-stepping method based on a Newton-Euler formulation with explicit integration for a 2D n-link kinematic chain.
We employ the model depicted in Fig. 1 , where q i denotes the relative angle of link i with respect to the previous link (counterclockwise); τ i is the motor torque applied to joint i; and p 0 = [x 0 , y 0 ] is the head position in the global coordinates. The length of link i is l i and its mass is denoted by m i . We assume uniform distribution of mass so the center of gravity is located in the middle of each link; gravity is pointing into the page. Each link has a local coordinate frame based at the proximal end, with the y i axis pointing in the longitudinal direction and the x i axis in the transverse direction.
According to Newtonian dynamics, at any time step, force equilibrium on link i expressed in the local coordinate frame requires:
(1)
where f i is the internal force applied by link i + 1 to link i in the local coordinates; R i+1 i is the rotation matrix from the local coordinates i + 1 to the local coordinates i; a ci is the acceleration of the center of mass of link i. Of particular interest is the the vector f env i , which denotes external forces applied by the environment in response to the snake movement. We dub these "reaction forces", and discuss them in detail in the following section.
Similarly, torque equilibrium on link i requires:
where τ i is the torque applied by link i + 1 to link i; µ v is the joint viscous friction coefficient. Additional constraints follow from the consistency of angular and linear accelerations between consecutive links, with no grounding on the first joint:ω
For known motor torques τ i , we solve the system (1)-(6) for unknowns f i ,ω i , a i ,q i . We use numerical integration to advance to the next time step: computing q i ,q i fromq i and p 0 from a 0 . Note that multiple numerical integration methods are used in our work; we use the more accurate RK4 method when using this model for validation, and the faster Euler method when using the model for gait synthesis.
IV. MODELING ENVIRONMENTS
Biological snakes can achieve undulatory motion in many types of environments (e.g. overland, underwater) and at many scales. In each case, they achieve this by creating or leveraging anisotropic effects in the reaction forces applied by the environment in response to their motion. However, the exact nature of these forces varies greatly between environments, giving rise to different strategies: during locomotion, some snakes adjust their scales, other redistribute their weight or change their winding angles, etc. [25] . These strategies produce different gaits, each suited to its environment.
We can attempt to capture the characteristics of a given environment by using an appropriate model for the reaction forces applied in our dynamics formulation described previously. We use the broader term "reaction forces" to encompass both frictional and non-frictional effects which contribute to locomotion. In this work, we use three such models, described below.
A. Dry friction
The most commonly used model for simulating dry frictional contact is that of Coulomb friction [26] , [21] . For undulatory motion over solid, dry surfaces (e.g. overland snakes not moving on granular media), anisotropic effects can be captured by using different friction coefficients for longitudinal vs. transverse friction forces. However, the Coulomb friction model introduces non-linear and nonconvex constraints that are difficult to solve efficiently. A simplified version, similar to the model used in previous studies on snake robot locomotion [9] , [27] , [1] is:
where µ t is the transversal and µ l is the longitudinal coefficients of friction. And v t is the transversal and v l is the longitudinal component of the velocity of the center of mass. However, this simplified model has multiple limitations. First, applied friction direction as a function of contact velocity (relative velocity of the link w.r.t the ground) is nonsmooth. Second, it does not obey the Maximum Dissipation Principle [21] , which states that, given a contact velocity v, the ensuing friction force f maximizes energy dissipation (i.e., −fv), subject to other constraints (such as friction coefficients). We thus introduce a new model for anisotropic dry friction, formulated as:
Eq. (8) is derived by maximizing the dissipation −fv with the assumption that the anisotropic friction is represented by a friction ellipse with the major axis equal to µ t and the minor axis equal to µ l as shown in Fig. 2 . 
B. Viscous friction
For underwater undulatory locomotion, anisotropic viscous friction plays an important role for generating forward motion. At low Reynolds number (i.e. small scale organisms in water), it can be considered the dominant reaction force. A model of reaction forces that comprises viscous friction exclusively can be considered as an approximation for small scale swimmers, such as tadpoles. We note that viscous friction has occasionally been used in the literature to model overland snakes as well [2] , even though it is a less accurate approximation of dry Coulomb friction than the box model discussed above. We model viscous friction as:
where c l and c t are the longitudinal viscous friction coefficient and the transversal friction coefficient respectively.
C. Added mass
In fluids of high Reynolds number, drag and added mass effect are the dominating reaction force. Added mass is particularly important for modeling large undewater snakes or eels because their bodies displace a significant volume of water during locomotion.
We assume the links are cylindrical with a cross section of height a and width b. The length of the link is denoted by l. We compute the drag force [23] [24] as:
where p is fluid density, and C f and C d are the drag coefficients in the longtitudinal and transverse directions.
In addition, the volume of fluid displaced during motion has the effect equivalent to adding mass to the links of the snake. Due to the shape of the link, this effect is anisotropic, with more mass added for motion in the transverse direction. Therefore, in Eq. (1), we must distinguish between added mass in the tranverse vs. longitudinal directions:
where we compute the added mass using:
where C a is the added mass coefficient.
V. GAIT SYNTHESIS METHOD
For gait synthesis, we use a Model Predictive Control (MPC) method which relies on an internal model of the dynamics of the system in order to repeatedly optimize a control sequence. A full review MPC is beyond the scope of this paper; we provide here a short overview, then focus on applicability to snake locomotion. Given a (potentially nonlinear) dynamic model
where x denotes the state and u denotes the control action, MPC computes the optimal action sequence u(i) (i = t, t + 1, · · · ,t + N − 1) that minimizes a cost function
where N is the horizon length; l(x(i), u(i)) is the cost of the state and action at time i, and l f (x(t + N) is the cost on the final state of this horizon. The specific optimization algorithm we use is iLQR [18] , a variant of the iterative Linear Quadratic Regulator previously demonstrated on problems such as legged locomotion and manipulation. After an optimized trajectory has been computed, the robot takes the first (or the first few) action(s) therein, and the process restarts from the new robot state. This allows the robot to compensate for errors which inevitably arise when following a given trajectory, due to the linearization of the dynamics model, or simply due to errors in the model.
A. Application to Gait Synthesis
For an n-link snake robot, we define the state vector as x = x 0 y 0 q 0 · · · q lẋ0ẏ0q0 · · ·q n T , and the action vector u = τ 1 · · · τ n . The dynamic model f (x(t), u(t)) is computed as described in Sec. III. We use finite differencing to compute the derivatives of this model w.r.t. the state and action vectors, both of which are needed by the optimization routine. For generating locomotion gaits without obstcles, we use the following cost functions:
where p goal is the desired position of the head of the snake and α and β are tunable parameters.
For obstacle avoidance, we use an additional term that takes into account the relative position of each segment of the snake robot with respect to each obstacle. In other words, all of the obstacles in the environment and all of the segments of the snake contribute to this term. The distance between each obstacle and each snake segment is calculated as d i j , where i is the index for obstacles, and j is the index for segments. We note that negative distance indicates that a snake segment is interpenetrating with an obstacle. The obstacle cost is the sum of 2-dimensional Heaviside step functions for every d i j :
where k denotes the number of obstacles, and A is a parameter that determines the rise of the step function. In all of our experiments we set A = 1.
VI. RESULTS
We test the proposed gait generation method using a five link snake robot in different environments, each based on one of the reaction forces models described in Sec. IV. The parameters of the snake robot and reaction forces are summarized in Table I . Torques at the joints are capped at 1 Nm. All gaits are tested in simulation using the model described in Sec. III with RK4 integration.
A. Baseline: Serpenoid Curve Gaits
As a comparison baseline for the generated gaits, we will compare performance to that obtained by using pre-defined serpenoid curves. For each joint i, desired joint angle as a function of time is defined as:
where f , α, and β are the parameters that can be used to tune the behavior of the resulting gait. In practice, this desired trajectory at each joint can be tracked using PID control, resulting in locomoting gaits. As described earlier, one of the key difficulties for using serpenoid curves is the need to tune the curve parameters in order to obtain the desired behavior. To find the most effective gaits, we carried out a grid search over curve parameters; the boundaries and step size of the grid search are listed in Table II . Furthermore, we found the performance of the resulting gaits to also be highly sensitive to the gains of the controller used to track the serpenoid curve; we thus included these gaits in our grid search.
We evaluated all gaits in our grid search in terms of speed and power consumption. For each combination of parameters, we generated a 6 s trajectory, with the snake starting from rest. To minimize the effect of the chosen start pose on gait performance, we considered the first 2 s of the trajectory to be "ramp up" time, and only measured speed and power over the last 4 s. Fig. 3 plots the power consumption versus the forward speed of each serpenoid curve (blue circles). The black line is the Pareto-optimal front [28] that represents the best tradeoff between power consumption and locomotion speed. Gaits on this Pareto curve produce the corresponding forward speeds with the lowest power consumption.
B. Synthesized Gaits and Environment Generalizability
We used the proposed MPC-based methods to synthesize gaits accross all the environments described so far. We tested 9 sets of parameters of the quadratic cost, i.e., α = 1, β = 0.1, 0.01, 0.001, x g = −10, −20, −50 and y g = 0. The speed and power of the resulting gaits are plotted in Figure. 3 as red stars. The gaits with α = 1, β = 0.01, and x g = −20 are circled in black, to illustrate the performance of a unique set of parameters accross all three environments.
These results confirm that MPC can synthesize effective locomotion gaits in all tested conditions. Furthermore, the resulting gaits are comparable to, and occasionally better than, their most efficient serpenoid curve counterparts. For example, in the environment dominated by the dry friction, 3 sets of the MPC implementation generate gaits with speed around 1.6 m/s and power around 35 W. The Pareto-optimal gaits with the similar level of power can only achieve the speed around 1.1 m/s. In the viscous fricion dominated environment and the fluid dynamics, all MPC-generated gaits are around the Pareto optimal trade-offs between the power consumption and the speed.
Beyond efficiency, we believe that one of the most attractive characteristics of automated gait synthesis is its generalizability accross different environments. We note that a single set of parameters (α = 1, β = 0.01, and x g = −20, circled in black in Fig. 3 ) produces effective gaits for all environments. In contrast, comparable behavior can be obtained with serpenoid curves only with environmentspecific parameter tuning.
To obtain further insight, we studied the gaits produced by MPC across each environment with a single set of parameters (α = 1, β = 0.01) by decomposing the motion of each joint using a Discrete Fourier Transform (DFT); we computed the dominant frequency component f i and the corresponding amplitude α i for each joint i in the respective gait. The results are listed as in Table III . In each environment, the dominant joint frequency remains constant; this resembles the serpenoid curve in Eq. 19. However, the gaits differ from the serpenoid curve in amplitude variation. For the gait produced using fluid dynamic effects, the joints at the tail of the snake move at a significantly higher amplitude that the ones at the head, much more so than in the other two environments. This qualitatively mirrors behaviors observed in nature for similar enviroments, as in the case of eel-like anguilliform gaits [29] and fish-like carangiform gaits [30] . 
C. Automatic Generation of Complex Gaits
The gaits we have shown so far to illustrate our method, while efficient and generalizable accross different environments, are still serpenoid-like in nature. However, the proposed method for gait synthesis can also generate more complex gaits, without having to adhere to the serpenoid template. This can be achieved with the use of different cost functions or goal settings. Figure 4 illustrates this concept. The top image shows a gait generated by using the same cost function used so far, but with a goal position for the snake head that induces a sharp turn (as opposed to a goal set in front of the snake, as before). The result is an effective turning motion that does not rely on a single-frequency serpenoid pattern. The bottom image illustrates the use of the obstacle-based component of the cost function shown in Eq. (18) . Here, the gait is still serpenoid in nature, but the amplitudes of the different joints are automatically adjusted as the snake moves through the tunnel. At any point, the links outside the narrowest point of the tunnel are used to propel forward, while the links in the tunnel are kept still to avoid collision. Both gaits are also shown in the video accompanying the submission, as are additional results illustrative of our method.
D. Practical Applicability
The proposed MPC-based gait generation method faces two important challenges for application to real robots: a reliance on dynamic models, and the computational cost. For real-life execution, the dynamic model will only be an approximation of real-life physics. Furthermore, gait generation must keep up with execution in order to be used online.
To study computational performance, we measured the time needed to optimize a single trajectory over a horizon of 25 steps. We use a control rate of 100 Hz: a 25-step trajectory represents 0.25 s of real life execution. We averaged computational performance over a complete 6 s locomotion gait for each environment. For dry friction, viscous friction and fluid dynamics, average computation times were 1.4 secs, 1.0 s, and 1.0 s respectively. Standard deviations where 1.4 s, 0.6 s, and 0.5 s respectively. All tests were performed on a commodity 16-core AMD Ryzen 7 PRO 1700 processor.
We notice that, in our current implementation, the iLQR algorithm is not efficient enough for real-life execution. For example, in the case of viscous friction, it takes 1 s of computation time to optimize a trajectory that takes 0.25 s to execute. We estimate that, for practical applicability, a computation speed-up of at least 10X to 20X will be necessary; this could be achieved via an optimized implementation, Fig. 3 . Distribution of power consumption vs the forward speed. Each blue dot represents a serpenoid curve gait with a unique set of parameters α, β , and f where the PD controller was sucessfully tuned by the grid search (grid search values in Table. II. The black line represents the Pareto-optimal front for the serpenoid curve gaits. The red stars represent MPC generated gaits. The stars circled in black represent a single set of gaits produced with the same set of MPC parameters: α = 1.0, β = 0.1, and x g = -10.
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Obstacle Avoidance Gait Through a Narrow Tunnel more extensive parallelization, or algorithmic improvements. We will pursue all these directions in future work.
To study MPC robustness to errors in the dynamics model, we performed a preliminary test on errors in the coefficients of viscous friction (Eq. 9): we introduced a discrepancy between c t used by MPC to generate the gait, and c t used to test it. For a 5% error in c t , we observed a 2% reduction in the trajectory speed; a 25% error produced a 4% slowdown. Becasue a dynamics model contains numerous parameters, which all affect performance; a more complete evaluation of these effects will be needed for real-life applications.
VII. CONCLUSIONS AND FUTURE WORK
In this paper, we proposed a method of automatic gait synthesis for snake robots using iLQR, a trajectory optimization method from the MPC family. Unlike methods that use a serpenoid curve or similar patterns, this approach produces gaits without relying on predefined patterns, by optimizing the trajectory w.r.t. a given cost function. The key is the use of a model of the dynamics of the system, for which we use a standard time-stepping scheme with explicit integration and Newton-Euler chain dynamics at each time step.
To encapsulate the characteristics of each environment, we used models of the anisotropic reaction forces that arise in response to snake movements. For the case of dry friction, we introduced a novel model that approximates anisotropic Coulomb friction with a smooth friction force vs. velocity profile, by integrating the Maximum Dissipation Principle.
Other reaction forces models we used include viscous friction as well as fluid dynamic effects such as drag and added mass. Together, these reaction forces allow us to model three different environments for undulatory locomotion: overland on solid media, underwater in a low Reynolds number regime (small scale swimmers), and underwater in a large Reynolds number regime (large swimmers). It is, to the best of our knowledge, the first time that an automatic gait generation approach has been used to generate and analyze undulatory gaits across different environment models.
Our key result shows that, without any tuning or change in parameters between environments, the proposed automatic gait synthesis method produces gaits that are as efficient as those obtained by manually tuning a serpenoid curve to each environment. The undulatory gaits produced by the proposed method also display some of the characterics observed in nature. However, as it does not depend on a pre-defined movement pattern, the same method can produce more complex gaits, e.g. for sharp turns or obstacle avoidance, by using different formulations for the optimized cost function.
Before these results can be used for gait generation on real robots, additional challenges still have to be tackled. In particular, a reduction in computation time is needed to meet the requirements of keeping up with real-life execution. Nevertheless, we believe that automatic gait generation methods as the one presented here can represent a useful complement to approaches based on a central pattern generator, as we aim towards robot snakes able to operate in complex, unstructured environments.
